Introduction
Let A = F q [t] be the polynomial ring over a finite field. We [14] proved that for every nonconstant element a of a global A-field of finite A-characteristic, the set of places P for which a is a primitive root under the Carlitz action possesses a Dirichlet density and gave the criterion for the density to be positive. In this paper, we generalize this result on "primitive roots" to general rank one Drinfeld Modules.
Throughout this paper, we work over a global function field k of characteristic p and its field of constant F q , where q = p s . Let ∞ be a fixed prime divisor of k and let A be the ring of the elements of k which are integral at all primes P of k other than ∞. We are interested in the rank one Drinfeld A-modules. Given an element a of the coefficient field K. We want to investigate the set of places P of K, for which a modulo P generates the residue field K(P) as finite A-modules(under a given Drinfeld A-module action). In other word, we study the set of places P where a is a primitive root modulo P for a give Drinfeld A-module.
We will discuss this question in the following two parts. In section 3 and Section 4, we will only discuss the case of constant Drinfeld modules of fnite A-characteristic. The idea is similar to the case of 1991 Mathematics Subject Classification. Primary 11T55.
Carlitz modules. In Section5, we will apply the results in Section 3, 4 to general rank one Drinfeld A-modules.
Notations and Preliminaries
Let I (resp. P) be the set of all ideals (resp. prime ideals) of A. For every ideal a ∈ I, let a = p Furthermore, we say that a is a square-free ideal if µ(a) = 1.
Definition 2.1. Let L be an A-field, that is L is a field together with a structure homorphism ι : A → L. If ι is injective, the A-characteristic
of L is defined to be ∞. If ι is not injective, the A-characteristic of L is defined to be ker ι.
Let P ∈ P. Then A/P is a finite field which has q deg P elements where deg(P) = [A/P : F q ]. For convenience, denote A/P by F P . Let K be an algebraic function field over F P with constant field F K containing F P , K be a finite extension of K, and let K ac be an algebraic closure of K. Given any place P of K, put :
O P = the valuation ring of P, K(P) = the residue field at P,
Let a be an ideal of k. We denote by f (a) the multiplicative order of P m K modulo a(i.e. f (a) is the smallest positive integer r such that
and denote by L{τ } the twisted polynomial ring with commutation rule
, is a morphism of F P -algebras. We then have the definition of Drinfeld Module.
In particular, if K is an algebraic function field of one variable over F P , then one obtains an A-module structure on (K, φ, +). Further-
Let φ be a Drinfeld module over K, and let a ⊂ A be an ideal. As
A is a Dedekind domain, a may be generated by at most two elements 
It is clearly to see that the product of isogenies is again an isogeny [3] .
Let a be an ideal of A, put I a,φ = K{τ } · φ a be an left ideal of K{τ }.
Clearly, I a,φ is carried into itself by multiplication on the right by the φ x , x ∈ A. Therefore, for every x ∈ A there is a uniquely defined
One can check that the map φ :
Drinfeld A-module [4] . We denote φ by a φ. 
We can check that there exists a positive integer d such that deg φ a (τ ) and a generates φ(K(P)) as an A-module.
Given a ∈ K, we are interested in the Dirichlet density of the set
An immediate consequence of Theorem 2.3 is the following.
Lemma 2.4. Given a ∈ K and P ∈ P K . Assume that v P (a) = 0. 
2.2. Some Analytic Results. We start this part with an analogue of Mertern's Theorem for A. Let k be a function field over a finite field, denote by g k the genus of k. Let a ∈ I. Denote deg a(resp. N(a)) by the degree (resp. norm) of a. We recall that the zeta function for A, ζ A , is defined by
where γ denotes Euler's constant.
Proof. We claim that
where F (0) is the value of the following function
Using Prime Theorem for function fields, it is not difficult to deduce
for some constant c. It is sufficient to show
.
Hence
In view of fact
we have ln(
It follows that
Proof. First we observe that
where p run through all prime ideal such that p | b. Let m(b) be the number of such prime ideals with degree ≥ log q n.
On the other hand,
It is not difficult to see that the first product can be written as
By Lemma 2.5, we also get
Multiply (1), (2) and (3), we get the desire inequality.
The following Theorem is an analogue for A of a theorem of Ro-
Theorem 2.7. The series
converges.
Proof. For any positive integer n, let D(0) = 0 and
Any a enter the above sum must be a square-free divisor of
≤ c log q n.
We derive
Apply Theorem 2.7, we have the following consequence.
Proposition 2.8.
Proof. Write the series as
The first sum is converges by Theorem 2.7. For those p ∈ P and
This implies r = 1. In other words, such p is unique determined by f (p). Hence the series
Let φ be a constant Drinfeld A-module. In this section, we will prove the existence of the Dirichlet density for M φ a,K . First of all, we observe that the constants are precisely the A-torsion. 
− 1) and Theorem 2.2 we obtain
Remark. Let a be a square-free ideal of A relatively prime to P. From Lemma 3.3, one deduces that f (a) equals to lcm{f (p) | p is a prime ideal of k and p | a}.
It also follows that the degree [K(φ[a])
: K] is always prime to P.
Furthermore, if P a, b are relatively prime square-free ideals, then
Lemma 3.4. Given P ∈ P K and let φ be a constant Drinfeld module 
Given a prime ideal p of K, we set
and
. Clearly E a are Galois extension of K. If a is a square-free ideal of A, we define E a as the compositum of the field
for all a 1 , a 2 such that (a 1 , a 2 ) = 1. Moreover we have
so that E a /K(φ [a] ) are always elementary abelian p−extensions. Proposition 3.5. Given a ∈ K and P ∈ P K such that v P (a) = 0.
Then a is a primitive root modulo P if and only if P does not split completely in any of the fields E p for all prime ideal of a such that
Proof. It is easy to see that φ p (x) is a monic separable polynomial for all p = P ∈ P. If α is a root of φ p (x)−a, then every root of φ p (x)−a has the form α+λ for some λ ∈ φ[p]. Hence we may write
Suppose that P splits completely in E p for some p = P ∈ P and let P be a place of K(φ[p]) which lies above P.
is solvable in O P . Hence, there is a β ∈ O P such that φ p (β) ≡ a (mod P). According to Theorem 2.3, φ P m K deg P −1 (β) ≡ 0 (mod P) for all β ∈ O P and therefore
Thus a is not a primitive root modulo P, by Lemma 2.4.
Conversely, if a is not a primitive root modulo P, by Lemma 2.4,
completely in E p . This completes the proof. Given a ∈ K\F K and a ∈ I square-free with
Furthermore if a has pole at place P of K with v P (a) prime to the characteristic p, then h(a) = N(a).
Proof. Let α be a root of φ a (x) − a and let I a = {P ∈ P K | v P (a) < 0}.
Given P ∈ I a , we have v P (α deg φa
) = v P (a) for every P ∈ P E Q lying above P. It follows that N(a)v P (α) = v P (a)e(P | P) and therefore
for all P ∈ I a . Here |v P (a)| is the absolute value of v P (a). We then take c a = max{
If a has a pole at place P of K with v P (a) prime to p, then the ramification index over places above P has to be N(a). Hence h(a) =
N(a).
We will estimate the genus of the function fields E a . Theorem 3.7. Let a be an ideal of k with P a. Let g E a be its genus
and c a is a constant depending only on a and K.
Proof. Let α be a root of φ a (x) = a, and F 1 be the rational function field F E a (α) which contains the rational function field 
,K is necessary a finite set for φ is a constant Drinfeld module. Hence from now on we assume that a ∈ K\F K .
The following Theorem is our first main Theorem. (a)f (a) .
Before we prove Theorem 3.8, we introduce the following Definitions and Theorems. . 
Positivity of Density
Lemma 4.1. There is a square-free ideal n ∈ I such that P n and the following hold for all square-free ideal a with (Pn, a) = 1: 
Proof. It is not difficult to see that
(2) Observe that K(φ [na] ) and E n are linearly disjoint over K (φ[n] ).
(3) Let G be the cyclic group Gal(K (φ[a] )/K). Define the subgroups
Since a is square-free, we have (a 1 , a 2 ) = 1. Hence H 1 ∩ H 2 = 1, therefore #H 1 and #H 2 are relatively prime. It follows that also the index of H in H · H 1 are relatively prime to the index of H in H · H 2 .
Given a ∈ I, P a, we define
Proposition 4.3. We have
Proof. For b | a, put
It is not difficult to see that
. assume that ψ(a 1 a 2 ) = ψ(a 1 )ψ(a 2 ) and ρ(a 1 a 2 ) = lcm(ρ(a 1 ), ρ(a 2 )) for all a 1 , a 2 ∈ I with (a 1 , a 2 ) = 1. Then we have
The proof of this Lemma is similar to Heilbronn's Theorem [6] , hence we omit it. Conversely if S N 0 = ∅, we claim that S a = ∅ for all a ∈ I such that a = N 0 b for some b relatively prime to N 0 P. Consequently we also have S a = ∅ for all a ∈ I such that (a, P) = 1.
to E a will given an element of S a . Hence we always have S a = ∅.
To complete the proof, let n be defined in Lemma 4.2 and let a ∈ I be square-free such that (Pn, a) = 1. For τ ∈ S n , define
, and s(τ ) = lim a s a (τ ) the limit being taken over all square-free ideals relatively prime to Pn, ordered by divisibility. Clearly, we have
We claim that s(τ ) > 0 for every τ ∈ S n . Since s n > 0, S n is not
Following Lemma 4.2 (2),
be Lemma 4.4. The infinite product
Theorem 4.6. Let P be a place of K and φ be a rank one constant Drinfeld module one over K. Given any a ∈ K which has pole at P
Proof. By Lemma 3.6, our assumption gives h(a) = N(a) for all a ∈ I.
In particular, Gal(E N 0 /K) is the direct product of non-trivial groups Assume that the number of p ∈ P such that p = P and
Conversely, let N 0 be the product of product of all distinct irreducible factors of
In view of Theorem 4.5, it is enough to prove 
The number n 0 of distinct fields E p in the family is no greater than the number of irreducible factors of N 0 , which is less than p + 1 by our assumption. Let E be the compositum of all the fields E p , with p | N 0 irreducible. Then
The subfield E p corresponds to the subspace Gal(E /E p ) which is codimension one in V .
If V has dimension one, then extending any non-identity automorphism in Gal(E /K) to E N 0 gives element in S N 0 . If V has dimension > 1, then there are ≥ p + 1 subspace of V having codimension one. Since n 0 < p + 1, we can find σ ∈ V such that σ / ∈ Gal(E /E p ) for all irreducible p | N 0 . It follows that this σ can be extended to an element in S N 0 .
Thus we have shown that S N 0 is always nonempty which completes our proof.
General Case
For this section, we will generalize our result in section to every Drinfeld of rank one. In order to show our result, we need the following Theorem. 
Proof.
Before we prove our main result, we need the following Lemmas. for every a ∈ I where I a,φ (resp. I a,φ ) be the left ideal generated by φ a (resp. φ a ). This Lemma is thereofore an immediate consequence of Lemma 2.4.
The following Lemma is a consequence of Lemma 2.4.
Lemma 5.3. Let φ be a rank one Drinfeld module over K and let K be a finite extension over K. Given a ∈ K and P ∈ P K . Assume that P ∈ P K lies above P with relative degree one. Then P ∈ M Hence, this Theorem is a consequnce of Theorem 4.7.
